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ABSTRACT  

This paper examines a possibility to apply the original price index formula to 
measuring the commodity substitution bias associated with the Consumer Price 
Index (CPI). Through simulation study the CPI bias values - calculated by using 
the original price index formula – is compared with those calculated on the basis 
of some known, superlative price indices. 
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1. Introduction 

The Consumer Price Index (CPI) is used as a basic measure of inflation. The 
index approximates changes in the costs of household consumption that provide 
the constant utility (COLI, Cost of Living Index). In practice, the Laspeyres price 
index is used to measure the CPI (see White (1999), Clements and Izan (1987)). 
The Lapeyres formula does not take into account changes in the structure of 
consumption, which occur as a result of price changes in the given time interval. 
It means that the Laspeyres index can be biased due to the commodity 
substitution.  Many economists consider the superlative indices (like the Fisher 
index or the Törnqvist index) to be the best approximation of COLI. Thus, the 
difference between the Laspeyres index and the superlative index should 
approximate the value of the commodity substitution bias. In this paper we 
propose the application of the original price index formula (see Białek (2012a), 
Białek (2013)) in measuring the commodity substitution bias associated with the 
Consumer Price Index (CPI). In our simulation study we compare the CPI bias 
values calculated by using the original price index formula with those calculated 
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on the basis of some known, superlative price indices. It should be emphasized, 
that we do not consider other sources of the CPI biases, presented by White (1999). 

2. Superlative price indices in the CPI bias measurement 

Any discussion of consumer price index bias must first address the important 
issue of the target measure with respect to which the bias is measured. The final 
report of the Boskin Commission begins with a recommendation that “the Bureau 
of Labor Statistics (BLS) should establish a cost of living index (COLI) as its 
objective in measuring consumer prices” (see Boskin et al. (1996), page 2). 
Further discussions on the theory of the COLI can be found in the following 
papers: Diewert (1983), Jorgenson and Slesnick (1983), Pollak (1989).       

Let ))({min),( uQUQPuPE T

Q
≥=  be the expenditure function of 

a representative consumer which is dual to the utility function )(QU . In other 
words it is the minimum expenditure necessary to achieve a reference level of 
utility u  at vector of prices P . Then the Konüs cost of living price index is 
defined as 
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where t  denotes the current period, s  denotes the base period, and in general, the 
vector of N considered prices at any moment τ  is given by 

T
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ττττ = . KI  is a true cost of living index in which the 

commodity Q  changes as the vector of prices facing the consumer changes. The 
CPI, in contrast, measures the change in the cost of purchasing a fixed basket of 
goods at a fixed sample of outlets over a time interval, i.e. 
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The CPI is a Laspeyres-type index defined by 

                                                

∑

∑

=

== N

i

s
i

s
i

N

i

t
i

s
i

La

pq

pq
I

1

1 ,                                                         (2)  

so we assume here the constant consumption vector on the base period level. It 
can be shown (see Diewert (1993)) that under the assumption that the 
consumption vector tQ  solves the base period t  expenditure minimization 
problem, that 
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so KLa II −  is the extent of the commodity substitution bias, where KI  plays the 
role of the reference benchmark. In the so-called economic price index approach 
many authors use superlative price indices to approximate the KI  index (see 
White (1999)). 

First we define a price index I  to be exact for a linearly homogeneous 
aggregator function f (here a utility function), which has a dual unit cost function 

)(Pc and it holds 

        
)(
)(

s

t

Pc
PcI = .                                                                (4) 

In other words, an exact price index is one whose functional form is exactly 
equal to the ratio of cost functions for some underlying functional form 
representing preferences. The Fisher price index FI  (defined below as a 
geometric mean of the Laspeyres and Paasche indices) is exact for the linearly 
homogeneous quadratic aggregator function 5,0)()( Axxxf T= , where A  is a 
symmetric matrix of constants (see Diewert (1976)). The quadratic function above 
is an example of a flexible functional form (i.e. a function that provides a second 
order approximation to an arbitrary twice continuously differentiable function). 
Since FI  is exact for a flexible functional form, it is said to be a superlative index 
number (see Diewert (1976)). In the papers of Afriat (1972), Pollak (1971) and 
Samuelson-Swamy (1974) we can find other examples of exact index numbers 
and also superlative index numbers (see Diewert (1976), von der Lippe (2007)). 
Under all above remarks, an estimate of the commodity substitution bias csubB  
can be given by (see White (1999)) 

 
        FLacsub IIB −≈ .                                                        (5) 

In general, we can use any other superlative index supI  to calculate the above 
mentioned CPI bias, namely then (see Hałka, Leszczyńska (2011)) 

 
       supIIB Lacsub −≈ .                                                      (6) 

In this paper we compare the CPI biases calculated by using some known, 
superlative price indices. In particular, we use the Fisher price index, the 
Törnqvist price index ( TI ), the Walsh price index ( WI ) and some original price 
index formula, defined in the next part of the paper ( BI ).  These indices are as 
follows (see von der Lippe (2007)) 

 
       PaLaF III = ,                                                            (7) 
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3. The original price index formula 

Białek (2012a) proposes the following price index 

      ULB III ⋅= ,                                                               (11) 

where the lower ( LI ) and upper index ( UI ) we define as follows  
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In the above-mentioned paper it is proved that the index P
BI  satisfies price 

dimensionality, commensurability, identity, the mean value test, the time reversal 
test and linear homogeneity (see von der Lippe (2007)).  Moreover, there are 
some interesting relations between this index and other formulas. For example, in 
the paper of Białek (2013) it is also proved that 
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and thus      
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It leads to the following conclusion 
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In the paper of von der Lippe (2012) it is proved that the Marshall-Edgeworth 
price index MEI  can be written as a weighted arithmetic mean of LI  and UI , 
namely 
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In fact, we can make a much more general observation – it can be proved (see 
Białek (2013)) that each of the above-mentioned indices (Fisher, Laspeyres, 
Paasche, Marhall-Edgeworth, Walsh formulas) have values between the lower 
and upper index. Thus, the formula BI , as a geometric mean of LI  and UI , 
seems to be well formed. In our simulation study (see Białek (2013)) it is shown, 
that the Fisher index and the Białek’s price formula approximate each other. In 
the Section 4 we use the mentioned superlative price indices and the BI index for 
calculating the CPI substitution bias in simulation studies. 

4. Simulation study 

Simulation 1 

Let us take into consideration a group of 50=N  commodities, where 
random vectors of prices and quantities are as follows1 (we present below only 
the first five commodities): 
                                                           
1 The specification of prices and quantities does not mean that constapp s

i
t
i ==/  and 

constahqq s
i

t
i == )(/ , because random components of vectors tP and tQ are generated after 

the generating vectors sP and sQ . In other words, firstly we generate values of vectors of prices 

and quantities twice obtaining two pairs: ( sP , sQ ) and ( sP′ , sQ ′ ) and after that we assume 
st PaP ′= and st QahQ ′= )( .  
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]),...500,100(),7000,3000(),9,3(),6000,1000(),700,400([ ′= UUUUUP s
, 

]),...900,300(),50000,20000(),900,300(),500,100(),70000,30000([ ′= UUUUUQ s
, 

]),...500,100(),7000,3000(),9,3(),6000,1000(),700,400([ ′⋅= UUUUUaPt
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]),...900,300(
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where ),( nmU denotes a random variable with the uniform distribution which has 
values in an ],[ nm  interval and )(ah  is some positive function of the parameter 

0>a . We consider three cases: 
Case 1: aah /1)( =  which means that prices and quantities are negatively 
correlated; 
Case 2: 1)( =ah  which means that prices and quantities are uncorrelated and 
consumption is on the constant level; 
Case 3: aah =)(  which means that prices and quantities are positively 
correlated. 

We consider these three cases although only the first one is the most common 
in practice. However, sometimes consumers stock up on commodities although 
they observe the rise in prices and in this case prices and quantities are positively 
correlated. We generate values of these vectors in 100000=n  repetitions. We 
get the results1 presented in Tab. 1, Tab.2 and Tab. 3 and on Fig. 1. 
Case 1 

Table 1.  Basic characteristics of the discussed CPI bias measures for the given  
 values of  parameter a  

Characteristics FLa II −  TLa II −  WLa II −  BLa II −  

 2.0=a  

Mean 0.003191 0.002693 0.003537 0.003323 

Standard deviation 0.003921 0.003502 0.004200 0.004192 

Volatility coefficient 1.228871 1.300712 1.187441 1.261510 

 5.0=a  

Mean 0.001521 0.001672 0.001381 0.001404 

Standard deviation 0.005902 0.007801 0.005902 0.005898 

Volatility coefficient 3.878860 4.665669 4.273692 4.199560 

                                                           
1 To read more about mean value estimation and the bias of this estimation see Żądło (2006), 

Gamrot (2007), Małecka (2011) or Papież, Śmiech (2013). 
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Table 1.  Basic characteristics of the discussed CPI bias measures for the given  
 values of  parameter a   (cont.) 

Characteristics FLa II −  TLa II −  WLa II −  BLa II −  

 1=a  
Mean 0.002513 0.001069 0.002877 0.002756 

Standard deviation 0.01165 0.01108 0.01179 0.01173 
Volatility coefficient 4.62112 10.35642 4.09681 4.25761 

 5.1=a  
Mean 0.001744 0.002202 0.001910 0.001775 

Standard deviation 0.017100 0.021628 0.017262 0.017180 
Volatility coefficient 9.802840 9.821980 9.034320 9.676200 

 2=a  
Mean 0.006229 0.003213 0.006427 0.006033 

Standard deviation 0.023712 0.022446 0.023920 0.023774 
Volatility coefficient 3.806440 6.984651 3.721341 3.940150 

Source: Own calculations using Mathematica 6.0. 

Case 2 

Table 2. Basic characteristics of the discussed CPI bias measures for the given 
values of  parameter a  

Characteristics FLa II −  TLa II −  WLa II −  BLa II −  

 2.0=a  
Mean -0.002382 -0.001877 -0.002532 -0.002517 

Standard deviation 0.003318 0.002939 0.003414 0.003405 
Volatility coefficient 1.392530 1.565551 1.348520 1.353140 

 5.0=a  
Mean -0.002344 -0.002338 -0.002498 -0.002472 

Standard deviation 0.006125 0.006040 0.006212 0.006156 
Volatility coefficient 2.612710 2.582451 2.486670 2.490291 

 5.1=a  
Mean -0.006760 -0.007030 -0.005637 -0.005642 

Standard deviation 0.018090 0.017812 0.017742 0.017716 
Volatility coefficient 2.675760 2.533680 3.147060 3.139941 

 2=a  
Mean -0.004522 -0.004402 -0.005210 -0.005148 

Standard deviation 0.023198 0.022387 0.023437 0.023359 
Volatility coefficient 5.12930 5.084760 4.497961 4.537181 

Source: Own calculations using Mathematica 6.0. 
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Case 3 

Table 3. Basic characteristics of the discussed CPI bias measures for the given  
 values of  parameter a  

Characteristics FLa II −  TLa II −  WLa II −  BLa II −  

 2.0=a  
Mean -0.001148 -0.001988 -0.001118 -0.001148 

Standard deviation 0.002542 0.002984 0.002537 0.002542 
Volatility coefficient 2.213850 1.500073 2.269740 2.213850 

 5.0=a  
Mean -0.001893 -0.002050 -0.002111 -0.001893 

Standard deviation 0.005976 0.005851 0.0061144 0.005984 
Volatility coefficient 3.155621 2.853650 2.896052 3.160200 

 5.1=a  
Mean -0.002294 -0.003171 -0.0024332 -0.002294 

Standard deviation 0.0029232 0.003653 0.003022 0.002903 
Volatility coefficient 1.274201 1.151940 1.242360 1.265571 

 2=a  
Mean -0.003097 -0.003630 -0.002794 -0.002916 

Standard deviation 0.003777 0.004212 0.003534 0.003627 
Volatility coefficient 1.219540 1.160181 1.264651 1.243970 

Source: Own calculations using Mathematica 6.0. 
 

 

Figure 1. Histogram of BLa II −  in the case of 1=a  
Source: Own calculations using Mathematica 6.0. 
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Simulation 2 

Let us take into consideration a group of only 4=N  commodities, where 
vectors of prices and quantities are as follows:  

]2500,500,200,50[ ′=sP , ]2000,400,300,90[ ′=tP , 

]500,200,90,300[ ′++++= dcbaQ s                          and 

]500,200,90,300[ ′=tQ , for some real parameters dcba ,,, . The difference 

BLa II −  depending on these parameters is presented by Fig.2.  
 

2.1. 0== dc                                                       2.2. 0== db  

 
 
 
 
 
 
 
 
 
 
 
 

 

 
2.3. 0== cb                                                        2.4. 0== da  

 
 
 

 

 

 

 

 

 

 

 

Figure 2. The CPI bias calculated as BLa II −  depending on parameters cba ,,  and d  
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2.5. 0== ca                                                             2.6. 0== ba  

 

 

 

 

 

 

 

 

 

 

Figure 2. The CPI bias calculated as BLa II −  depending on parameters cba ,,  and d   
               (cont.) 

Source: Own calculations using Mathematica 6.0. 

5. Conclusions 

In the simulation 1, case 1 (see Tab.1) we observe a positive expected value of 
the commodity substitution bias. This observation corresponds to the results 
coming from the report of the Boskin Commission, where we can find the 
estimated value of the commodity substitution bias on the level of 0,004 (see 
Boskin et al. (1996)). The similar conclusion can be also found in Cunnigham1 
(1996) or Crawford2 (1998). We can notice that only in this case the estimator of 
the CPI bias calculated as TLa II −  is different in its expected value and has the 
highest volatility coefficient (the rest of estimators have similar values of this 
coefficient). Taking into consideration only the expected value of the commodity 
substitution bias we can find high similarity between the measures based on the 
Fisher and Białek formulas. Moreover, the scale of the commodity substitution 
bias does not seem to depend on the parameter a , which describes the changes in 
prices and quantities. In cases 2 and 3 (see Tab. 2 and Tab. 3 and Fig. 1) we 
observe negative expected value of the commodity substitution bias. Such 
situation can appear when the consumption does not depend on prices and is 
constant in time or quantities and prices are positively correlated. Then the real 
CPI is higher than the value obtained by Laspeyres formula (see researches by 

                                                           
1 In this report the commodity substitution bias is in the interval 0 - 0.001. 
2 In this report the commodity substitution bias equals 0,001 and CPI is overestimated by 0.007. 
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Hałka, Leszczyńska1 (2011), Ngasamiaku, Mkenda2 (2009)). In the case 2 we can 
notice that bias measured by using the Walsh price index and the Białek index 
approximate one another. But the case 2 is not a real-life situation because it 
means that consumption remains on the constant level and is independent of 
changes in prices. It is worth noting that in case 3 we can also observe small 
differences between values of the CPI bias measures based on the Fisher and 
Białek formulas (as in the case 1). Taking into consideration good properties of 
the Białek formula (see also Białek (2012a), (2012b), (2013)) and the presented 

results we conclude that the BI  index can be a good alternative for the Fisher 
index in the CPI bias measurement. 

In the simulation 2 we can notice that when parameters cba ,,  and d increase 

then the Euklidean distance between quantities 222),( dcbaQQd sts
e +++=  

also increases and consequently the value of the difference 
),,,(),,,( tsts

B
tsts

La PPQQIPPQQI −  becomes higher (see Fig. 2).  

For 0==== dcba  we have 0),,,(),,,( =− tsts
B

tsts
La PPQQIPPQQI . 

Let us also notice (see Fig. 2) that the CPI substitution bias is an increasing 
function of parameters a  and b  but a decreasing function of parameters c and d . 
When the value of any parameter increases, we observe that the consumption 
decreases. Thus, the above observation confirms the conclusion from the 
simulation 1 if we notice that the first two products have higher prices and the last 
two products have lower prices at time t  compared with time s . 

Note 

This article is based on the paper presented at the 7th Scientific Conference 
on Modelling and Forecasting of Socio-Economic Phenomena, May 7-10, 2013, 
Zakopane, Poland.  
 

 

 

 

 

                                                           
1 In this paper the commodity substitution bias equals - 0.1 or 0. 
2 In this report the commodity substitution bias equals about - 0.0027. 
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