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ABSTRACT 

Using the information on two-auxiliary variables, three different exponential 
chain-type estimators of population mean of study variable have been proposed in 
two-phase (double) sampling. Properties of the proposed estimators have been 
studied and their performances are examined with respect to several well known 
chain-type estimators. Empirical studies are carried out to support the theoretical 
results. 
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1. Introduction 

Ratio, product and regression methods of estimation require the knowledge of 
population mean of the auxiliary variable. If population mean of the auxiliary 
variable is not known, it is customary to move towards two-phase sampling 
scheme, which provides a cost effective estimate of the unknown population mean 
of auxiliary variable in first-phase sample. Utilizing the information on known 
population mean of another auxiliary variable in first-phase sample, Chand (1975) 
introduced chain-type ratio estimator of population mean of study variable. His 
work was further extended by Kiregyera (1980, 1984), Mukherjee et al. (1987), 
Srivastava et al. (1989), Upadhyaya et al. (1990), Singh and Singh (1991), Singh 
et al. (1994), Singh and Upadhyaya (1995), Upadhyaya and Singh (2001), Singh 
(2001), Pradhan (2005), Gupta and Shabbir (2008) and Singh et al. (2011) among 
others. Motivated with the above works, the aim of the present research is to 
propose some different structures of chain-type estimators in two-phase sampling 
which may estimate the population mean in a more precise way in comparison 
with the contemporary estimators of similar kind. 
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2. Two-phase sampling set-up 

Consider a finite population U of size N indexed by triplet characters (y, x, z). 
We wish to estimate the population mean Y  of study variable y in the presence of 
two auxiliary variables x and z. Let x and z be called first and second auxiliary 
variables respectively such that y is highly correlated with x while in comparison 

with x it is remotely correlated with z  yx yzi.e. ρ >ρ .When the population mean 

X  of x is unknown but information on z is available on all the units of the 
population, we use the following two-phase sampling scheme. 

Let us now consider a two-phase sampling where in the first phase a large 

(preliminary) sample  ' 's s U of fixed size 'n  is drawn following SRSWOR to 

observe two auxiliary variables x and z to estimate X , while in the second phase 

a sub-sample 's s  of fixed size n is drawn by SRSWOR to observe the 
characteristic y under study. 

3. Estimators based on one auxiliary variable 

Ratio and regression estimators in two-phase sampling are the traditional 
estimators utilizing the information on one auxiliary variable and are reproduced 

below along with their respective mean square errors up to  -1o n . 

'
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coefficient between the variables y and x. X and Y are the population means of 
the variables x and y,  respectively. 
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4. Estimators based on two auxiliary variables 

 Chand (1975) introduced a chain-type ratio estimator under two-phase 
sampling using two auxiliary variables x and z when the population mean X  of x 
is unknown but information on z is available on all the units of the population, 
which is given as 

'

rc '

y x
y = Z

x z
                                                   (5) 

The mean square error of the estimator rcy  up to  -1o n  is derived as  

     2 2 2 2
rc 1 y 3 x yx y x 2 z yz y zM y =Y f C + f C - 2ρ C C +f C - 2ρ C C                (6) 

where Z  is the population mean of the variable z, 
'

'
i'

i s
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n 
 , z

z

S
C =

Z
, 

 
2N

2
z i

i =1

1
S = - Z

N-1
z  and yzρ  be correlation coefficient between variables y and z. 

Kiregyera (1980, 1984) extended the work of Chand (1975) and suggested 
chain-type ratio to regression, regression to ratio and regression to regression 
estimators of population mean of study variable y in two-phase sampling which 
utilized the information on two auxiliary variables. The suggested estimators are 

given below along with their respective mean square errors up to  -1o n . 

  ' ' '
k1 xz

y
y = x + b n Z- z

x
                                                      (7) 

     2 2 2 2
k1 3 x y yx y x 2 y 2 xz x xz x yz yM y = =Y f C + C - 2ρ C C + f C + f ρ C ρ C - 2ρ C     
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    ' ' ' ' '
k3 yx ld ld xzy = y + b (n) x - x ;x = x + b n Z - z                     (11) 

     2 2 2 2 2
k3 y 3 yx 2 xz yx yx yz xzM y =Y C f 1- ρ + f 1+ ρ ρ - 2ρ ρ ρ                            (12) 
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where  'xzb n is the sample regression coefficient of the variable x on z 

calculated from the data based on 's  and xzρ  be correlation coefficient between 

variables x and z. 

5. Proposed estimators 

The intelligible use of auxiliary information at estimation stage is a 
fascinating act in sample surveys. In presence of auxiliary information Bahl and 
Tuteja (1991) suggested an exponential structure to estimate the population mean 
of study variable and their work was extended by Singh and Vishwakarma (2007) 
in two-phase sampling scheme.  Motivated with the work related to the 
proposition of chain-type estimators in two-phase sampling set-up, and looking on 
the nice behaviours of the exponential type estimators, we suggest below three 

different chain-types exponential estimators of population mean Y  of the study 
variable y. The suggested estimators are given as  

'
'

1 '

y Z - z
T = x exp

x Z + z

 
 
 

         (13) 

 
'

'
2 yx '

Z - z
T = y + b n x exp -x

Z + z

   
  
   

                            (14) 

and 

'

3 ' '

x - x Z
T = y exp

x + x z

   
   

  
                                     (15) 

6. Properties of the estimators  iT i=1,2,3  

Theorem 6.1. Biases of the estimators  iT i =1, 2,3  defined in equations (13), 

(14) and (15) up to  -1o n  are obtained as 

   2 22
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and 

   2 23
3 x yx y x 2 z yz y z

f 3
B T = Y C - ρ C C +f C - ρ C C

2 4

  
    

                            (18) 

where        r s t

rst i i iμ = E x -X y -Y z -Z ; r,s, t 0 are integers.  
 

 

Theorem 6.2. Mean square errors of the estimators  iT i =1, 2,3 defined in 

equations (13), (14) and (15) up to  -1o n  are derived as    

     2 2 2 22
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f
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and  

     2 2 2 23
3 1 y x yx y x 2 z yz y z

f
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4
 
  

          (21) 

7. Comparison of the estimators 

In this section we compare the proposed estimators  iT i =1, 2,3  with to 

respect to the estimators rd lrd rc k1 k2 k3y , y , y , y , y  and y .  Preference zones of the 

estimators iT are explored and shown below:  

(i)  iT i =1, 2,3  are better than rdy  if    i rdM T M y , which gives 
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(ii)  iT i =1, 2,3 are preferable over  lrdy  if    i lrdM T M y , which gives 
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 (iii)  iT i =1, 2,3  will dominate rcy  if    i rcM T M y  and subsequently we 

get the conditions 
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(iv)  iT i =1, 2,3 are more efficient than k1y  if    i k1M T M y , which gives 
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(v)  iT i =1, 2,3 are preferable over k2y  if    i k2M T M y , which gives 
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(vi)  iT i =1, 2,3  will dominate  k3y   if    i k3M T M y  and subsequently we 

get the conditions 
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8. Empirical studies  

To examine the performance of the proposed estimators  iT i =1, 2,3 , we 

have computed the percent relative efficiencies of iT  with respect to 

rd lrd rc k1y , y , y , y based on two natural populations which almost satisfy the 

conditions shown in equations (22)-(33) and presented in Table 1. The percent 
relative efficiencies of the estimators iT  with respect to an estimator δ  are 

defined as PRE =  
 i

MSE δ
X100

MSE T

 
 
 

 ;  i=1, 2,3 . 
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Population Source-I: Cochran (1977) 

y: Number of ‘placebo’ children. 

x: Number of paralytic polio cases in the placebo group. 

z: Number of paralytic polio cases in the ‘not inoculated’ group  

N = 34, n = 10, 'n = 15, Y = 4.92, X = 2.59, Z = 2.91, 2
yC = 1.0248,  

2
xC = 1.5175, 2

zC = 1.1492, yxρ = 0.7326, yzρ = 0.6430 and xzρ = 0.6837.  

Population Source-II: Fisher (1936) 

Consisting of measurements on three variables, namely sepal width (y), sepal 

length (x) and petal length (z) for 50 Iris flowers (versicolor) such that: 

N = 50, n = 10, 'n = 20, Y = 2.770, 2
yC = 0.012566, 2

xC = 0.007343,  
2
zC = 0.011924, yxρ = 0.5605, yzρ = 0.5259 and xzρ = 0.7540.  

 
Table 1. The percent relative efficiencies (PRE) based on population I and  

               population II of the proposed estimators  iT i =1, 2,3  with respect to  

               the estimators rd lrd rc k1y , y , y , y .
 

Estimators 
PRE FOR POPULATION I 

rdy  lrdy  rcy  k1y  

1T  132.7310 115.5850 113.0849 101.8650 

2T  146.8405 127.8718 125.1060 112.6934 

3T  136.7430 119.0787 116.5031 104.9441 

 PRE FOR POPULATION II 

1T  114.1981 110.6203 110.2922 100.0537 

2T  116.7494 113.0917 112.7563 102.2890 

3T  104.3392 101.0703 100.7705 91.4159 

9. Conclusions 

It is visible in Table 1 that the proposed estimators  iT i =1, 2,3 are 

preferable over the estimators rd lrd rc k1y , y , y and y  except the estimator T3 which 

is being dominated by the estimator k1y in population II. The proposed estimators 
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will also be preferable over the estimators k2 k3y  and y for the population which 

satisfies the conditions derived in equations (34)-(39). Hence, looking on the 
dominance nature of the proposed estimators, they may be recommended for their 
practical applications. 
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